
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



On the Structure of Finite Continuous Groups. 

By J. A. Bullahd. 



Introduction. 

The structure of a finite continuous group is determined in part by the 
" characteristic equation of the group," that is, the characteristic equation of 
the general infinitesimal transformation of the adjoint group of the given 
group. It is the purpose of this paper to show how certain properties of a 
group of linear homogeneous transformations can be obtained at once from the 
characteristic equation of the general infinitesimal transformation of the group; 
and thus how the type of structure is in part determined immediately from the 
infinitesimal transformations of such a group without the determination of 
the adjoint group. In § 1 I show how to find the structural constants, and 
thus the roots of the characteristic equation, of the general infinitesimal trans- 
formation of the adjoint group of the general linear homogeneous group 
relative to a given subgroup ; in § 2 I find similar results for the special linear 
homogeneous group relative to a given subgroup. These results lead to cer- 
tain relations, given in § 3, between the characteristic equation of a group of 
linear homogeneous transformations and the characteristic equation of the 
general infinitesimal transformation of the given group. By the aid of these 
relations I establish theorems I-X by which certain properties of such a group 
can be at once determined from the general infinitesimal transformation of the 
group. 

Section 1. 

Let G denote the general linear homogeneous group in n variables. The 
symbols of the infinitesimal transformations of G are the n 2 differential 
operators ^ 

Si i =Xi ~fa.' (*>J' = 1 > 2 > > w )> 

or any n % linearly independent linear homogeneous functions of these operators 
with constant coefficients. Let G r denote any given subgroup of the genera^ 
linear homogeneous group with r parameters, the symbols of whose infinitesi. 
mal transformations are the r given differential operators 

n 

X, <X> •-..., X, where X= 2 a M/ e„, (h — 1, 2, , r). 

i* 3=1 
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Then 



a m > a ii2 > • • • •, %i„ , «i2i j • • • • > Q> lnl , a ln2 , . . . ., a ln 



*0, 



^211 ) %12 ) • • • • j «21» ) ^221 ) • • • • ) ^2»1 > ^2«2 > • • • • > %»„ 

a rll > a rl2 > • • • • > O'rln j CS r 21 > • • • • > ^rral ) a rn2 1 ••■•■, 0> rnn 

r 

and (X, ^<) = ^i^j— ^X= 2 c,- tt X , (*, '; = 1, 2, , r) . 

We may take as the infinitesimal transformations of G the differential opera- 
tors ^, u<4, . . . ., u<s(, together with any n 2 — r other differential operators 
^K+i , ^K+2 > • • • • > ^Kfi defined as follows : 



i, i=l 



(h=l,2,....,n 2 -r), 



provided these n 2 differential operators are independent, that is, provided the 
n 2 <jrf"s are linearly independent linear homogeneous functions of the e's. In 
which case 



a m > a as. > 



) a iln ) a i21 1 • • • • , dinl , 0/ in2 , . . 



t = l,2, 



w 



=j=0. 



I shall employ the following notation. The constituent of any matrix B in the 
p-th row and q-th column will be denoted by (B) pq and the determinant of B 
by |2?|. Thus, if T denote the above matrix, |T|^=0 and (T) iAfl _ 1)n+p 
= <V<> (*=1> 2, . . . ., n 2 ; (i, v — 1, 2, ....,«). We shall now have, in Cayley's 
matrical notation, 

(**4, ^4, , X*)=2'(en, eu, , s ln , en, , e nl , e n2 , , e m ). (1) 

For l<i<n 2 the equations of the infinitesimal transformation of G 
corresponding to u^, namely, 

a£ = a>„ + &^„, (fi = l, 2, , n), 

may be written (x[, x 2 , ....,%'„) = (1+htA^, x 2 , , x„) where A t is the 

matrix corresponding to *js% and 



(^i)^=«W, ((i,v = l,2, ,n). 



(2) 



For our present purpose we may substitute the matrices A lf A 2) . . . . , A n , for 
the respective differential operators ^, ^a£, . . . ., ^ 2 , regarding the former 
as the symbols of the infinitesimal transformations of G. Similarly, if 
e ii ) (h i = l? 2, . . . . , n), denote the matrix whose constituents are all zero except 
that in the i-th row and j-th column which is equal to 1, we may substitute 
55 
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e a> (M=l| 2, . . . ., w), for e t7 . The general infinitesimal transformation of G r 
is then represented by 

r r n r 

A' = 2 a. h ^f h = 2 2 a ft a fcy ty , or by the matrix i=2a Jl i )l , 

r 

where (A') ll , v = 'Za i a illv , ((i, v=l, 2, , . . .,n). The general infinitesimal trans- 
it 

formation of the general linear homogeneous group is represented by 

n 2 n 2 n n 2 

A=X a h ^/ h — 2 2 a h a hii Sij , or by the matrix A = 2 a h A h , 

h=l ft=l i,)=l " fc=l 



where (-4)^= 


i—1 


, (p,v=l 


We shall have then 






(A { , Aj) - 


r 

' 2C^-fc-4fc, 
k=l 




{A i ,A j ) = 


n 2 

- 2 c i j Je A k , 



(i, j=l,2, ....,r), (3) 

(i, 3 = 1,2, ,n 2 ), 

k=l 

where c ijh , (i, j, k = l, 2, ..-.., n 2 ), are the structural constants of G, and c ijh , 
(i, j, Jc=l, 2, . . . ., r), are the structural constants of G r . Since there is no 
linear relation with constant coefficients between <jtf[, ^, . . . ., ^/ r , the corre- 
sponding matrices A Jt A 2 , . . . ., A r are linearly independent; similarly, since 
there is no linear relation with constant coefficients between ua^, «ja£, . . . . , «ja^ 2 , 
then A r , 4 2 , . . . ., A„ 2 are linearly independent. 

Let r denote the adjoint of the general linear homogeneous group G, and 
T r the adjoint of G r . The symbols of the infinitesimal transformations of the 
adjoint are differential operators which may be replaced for our present pur- 
pose by the matrices representing the square arrays of their coefficients. 
Thus, if «J2^, jt/ % , . . . . , u^ are chosen as the symbols of the infinitesimal trans- 
formations of G, the corresponding symbols of the infinitesimal transformations 

of the adjoint are S lt S 2 , . . . . , S nl , where S { = 2 c«&a,^ — , (i=l, 2, . . . . , n 2 ) . 

i, k=\ oa, k 

n 2 

The equations, a' /i =a ll/ +dtS i a M ,= a^+Bt X c^aj , (fi=l, 2, . . . ., n 2 ), defining the 

infinitesimal transformation of T may be written in matrical form as follows : 

(a.i, a.2, . . . ., a' n3 ) = (1 + StEifa, a 2 , . . . ., a ft2 ), where E { is the matrix defined 

by the equations 

(E i ), /i =c iliP , (i, ft, v = l, 2, , n 2 ); (4) 

and we may substitute for the symbols S lf S 2 , . . . . , S n2 , the respectively 
corresponding matrices E x , E 2 , . . . ., E n% . A similar remark applies to the 
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group T r , whose symbols of infinitesimal transformation are S [ , S 2 , . . . ., S' r , 

r 3 

where S' { = 2 c,«.a 3 -~ — , (t=l, 2, . . . ., r), and these may be replaced by the 

respectively corresponding matrices E[,E' 2 , . . . . , E' r , where 

(E' i ) vll =c i/iP , (i, ft, v = l, 2, ,r). (5) 

We have 

(E iy E,) = Zc iih E k , (i, j=l, 2, . . . ., n*), 

k=l 

(E' i ,E' i ) = kc ijk E' k , (i,j=l, 2, ....,r). 

te=l 

When A lt A s , . . . ., A n i are chosen as the symbols of the infinitesimal 
transformations of G, the determination of the structural constants c m , and 
hence of the matrices E t , E t , . . . . , E n * , may be accomplished as follows. The 
matrices A 1} A 2 , . . . ., A ni , constitute a hypercomplex number system. Let 

A { Aj= 2 YijkA h ; by a theorem of Lie's (Transformationsgruppen, Vol. Ill, § 140) 

G ijk := Yiih — 7w (6) 

To find y m we note that e^, (fi, v=l, 2, ....,%), constitute a number system 
equivalent to A x , A 2 , . . . . , A n * , with a multiplication table determined by the 
equations e liv e va =e lia and e^e Xff =0, (p, v, a,, <r=l, 2, . . . ., n; %^v). We may 

n 

put e^e x<r = 2 g h v,-K, e , P , T e„ i provided fc ,,x,„, p , T =O for all values oJ the 

p, T=l 

subscripts except that 

9 f .,v,v,c V .,«=\ (it, v, (r =l> 2, , n). 

From equation (1), or rather the equation 

\Ai , A 2 , .... , A n 2) = 1 (e u , e 12 , . . . . , e nl , e n2 , . . . . , e nn ) , 
we derive 

Then (.f ) f (^_i) n+y =fl l >(- ? 

/Ti-IN / 1 \ «t— Un+v+i ± Z. I T I 

V.-*- / (jit — l)n+i' 1 i — V •*-,/ I 7 1 I 3(7 I I ' 

(«=1, 2, , n 2 ; (i, v = l, 2, , n) ; 

and equations (1) and (7) are respectively equivalent to the two systems of 
equations 

n n 

Ai= 2 Q>ini,e jit ,= 2 (i )i,(n-i)n+v e iiv> (* = 1> 2, . . . ., n ), 

/it, y=l /*, c=l 

e Ar = 2 (T- 1 ) („_!)„+,, ,4„ (i«, v=l, 2, , »). 
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n n 

Therefore, A^= 2 {T) itlMr ^^. w e„ 2 (T) u a _ 1)n+a e Xa 

H, j>=1 X, <r=l 

n 

p., v, X, <r=l 
n 

== « (■*■)<, (li-l)n+v\-*- ) j, (\—l)n+a.9 p,, v,\,o, p, r^p, r 

p,, v, X, a, p, t=1 

» « 2 

~ 2 (i ) t - ( ( / j_l) re +y(-i )j, (X— l)n+<j9li.,v,\,o,p,T 2 (i J(p— l)n+T,kAk, 

p., V, X, ff, p, T=l fc=l 

(»,; = 1,2, ....,« 2 ). 
If the matrix M 4 , (1 <i<n 2 ) of order w 2 be defined by the equations 

n 

(^i)o>-i)»+T.(x-i)» +< r= 2 (2 7 )i,( /B -i)„ +( <.9fe^x J ^p,T, (^, «r,p,T = l, 2, ,n), (8) 

p., "=i 

we may write 

n 2 n 

A ( Aj= % 2 (2 1 );, (X-l)n+ff(^t)(/>-l)n+T, (X-l)n+(r (^ ) (p— 1)»+t, fc-^fc 

ft=l p, t, X, <r=l 

n 2 n w ^ 

= 2 2 (-1 )it, (p-1)m+t(^») (p— l)n+T, (X-l)n+(r(-^ ) (X-l)n+ff, ;'-"* 

fc=l X, ff, p, t=1 

= 2 {T-m^uA,, (», i = l, 2, . . . ., W 2 ), (9) 

where T and T _1 denote respectively the transverse or conjugate of T and T~K* 
Therefore, since the A's are linearly independent, 

Yijk = (T-W.f ),„ (t, ;, fc = l, 2, . . . ., n*). (10) 

Interchanging A { and J.,- in (9) we obtain 

n 2 n 

AjAi=Z/ 2 (-£ )j- t (X-l)»+ff(-^ )i,(.li— l)n+vd\,<r,p,,r,p,T\-L ) (p— 1)»+t, /-o-fc > 

&=1 p,, C, X, IT, P, T=l 

(i,j = l, 2, ....,« 2 ). 
and defining the matrix JV< by the equations 

n 
\"i) (p-1)»+t, (X— l)n+a = 2 \J- )% 1 (p,-\)n+v9\,<!,p.,v,p,Tl 

(Jl, a, p, t = 1, 2, . . . ., n; « = 1, 2, . . . ., # 2 ), (11) 

n 2 « 

AjA t = 2 2 (2') ?j (x_i) n+ff (A r i)(p_l) n+T , (X-l)»+ff(-^~ )(p-l)n+T,*-a* 

i=l X, <r, p, t=1 

« 2 w ~ 

= 2 {T-WtDyAt, (i, j = l, 2, . . . ., « 2 ), 

and therefore, 

y ftt =(T-W < T)„, (i, y, & = 1, 2 ,n 2 ). (12) 

* The transverse of any matrix B is obtained by interchanging rows and columns so that (B) t/ 
= 6 = (5)^. We have (B)~ 2 = (B —1 ) ; and if G is any second matrix of order n, (B± 0) = B ± C and 
(BC) = (CB). 
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By virtue of the equations (6), (11), (12), we now have 

c m = (T-^T),,- (T-W,.T),y= {f-\M i -N i )T) kj , (i, j, k = l, 2, . . . ., n»), 
and therefore, by equation (4) which defines the matrices E lt E 2 , . . . ., Z£„ 2 , 
E i =f~ 1 (M i -N i )f, {i = l, 2, . . . ., « 2 ). (13) 

The matrices M t and N t are respectively defined by the equations 

n n 

(^»)(P-1)»+T,(X-1)»+II = 2 Oifiydfi, v , \, a, p> T = 2 \-Ai) iiv9n,v, \, a,p,Ti (8) 

/t, C=l /(, c=l 

(■"<) (p-l)n+T, (A— l)n+<r = 2 a inv9\, a, n,v, f>,T ~ — \-^i) Iiv9\, a, /i,v, f>,T y (H) 

(» = 1,2, ....,rc 2 ), 

where g^^ X(ff(P>T =0 for all values of the subscripts except that ^,„,„, <r , i », <r =l, 
(ju, v, cr=l, 2, ....,»). "Whence it follows that 

(^i)oi-l)»+», (*-l)»+<r = fl W = (^i)/«., (/«, ^, <T = 1, 2, . .. .,%), 

(Ni) a-Dn+v, (.\-l)n+n= a i V ,v={A i ) llv , (X, (i, V = l, 2, . ...,w), 

and that all other constituents of M 4 and N t (l<i<n 2 ) are zero. Hence we 
find that the matrix M t which is of order n 2 , may be represented in the follow- 
ing way: (M i ) llv =M illv , (p,v = l,2, , n), where, for l<i<n 2 , the con- 
stituent M iflv is itself a matrix of order n defined as follows: {M illv ) w =a ill/V , 
(M, >( ,) M =0, (p, g = l, 2, . . . ., n; p j=q). If Z denotes the identical substitu- 
tion in n variables we may write 

(M t ) fir =(A t ) l J, (p, v = l, 2, ....,»; i = l, 2, ....,n 2 ). (14) 

Similarly, we find that N { can be expressed in terms of constituent matrices as 
follows : 

(N t )„=I tf (N t )„=0, (p,q = l,2,....,n;pj=q;i = l,2,....,n 2 ). (15) 
If B, G, Q and R are any four matrices of order n, for two matrices W b 
and W c such that {W b ), r = {B)„Q and {W c ), v = {G), V R, (ft, v = l, 2, . . . ., n), 
we have 

(W b W e ) llv =^(B) lih (C) hv QR*=(BG) liv QR={W be ) lil ,, ((i,v = l,2, . . . .,»). (16) 

By this formula we obtain 

(M i M,.)^=(^^ J )^Z, (17) 

(M 2 )„„= (^Z, (ilf5)^=(ilf i ilf;)^=(-4?)^, (18) 

and for any positive integer p 

(Mf)^=(^f)^Z, { i i,v = l,2,....,n;i,j = l,2,....,n 2 ); (19) 

* The law of multiplication for matrices whose constituents are themselves matrices is the same as 
for matrices whose constituents are scalars. 



(20) 
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again from (15) we have, 

and for any positive integer 2? 

(#?)„„=!?, (tf?)*,=0, (^ V = l,2,....,n; ^=£r; i, i = l, 2, . . . ., « 2 ). (21) 

Further, by equations (16), (19) and (21) for positive integers p, q, r, s, t, v 
we obtain 



= 2 (^) M (3fJ) fc ,= (JVjfJfJ) /w , (22) 

{M1NWW)„= ( (WW) (MW) )„= (A\A)), V A\A), (23) 

(MmM^MiNl)^ ( (MtNWjNj) WWl) )„= (A\A)A\) „ v A<\A)Al , 

(p, v = l, 2, . . . ., n; i, j, k = l, 2, . . . ., w 2 ). (24) 

I shall employ the symbol S prefixed to a matrix M whose constituents 
are scalars, designating SM as the scalar of M, to denote the sum of the 
constituents in the principal diagonal of M . Then, if A and B are any two 
matrices, 

S(A±B)=SA±8B, SAB=SBA, SA=SA. (25) 

Further, if p is any scalar 

8pA=p8A; (26) 

and if I is the identical substitution in n variables, 

81=n. (27) 

Moreover, SM is the sum of the roots of the characteristic equation of 
M, |w — M\ =0, and SM P is the sum of the p-th powers of the roots. In the 
case of a matrix (M) IIV =M IIV , (ft, v=l, 2, ....), whose constituents, the M's 
with double subscripts, are themselves matrices, those in the principal diagonal 
being square matrices, I shall define SM as follows : 

SM=SM n +SM n + 

It may be readily seen that the properties of the scalar function given in 
equations (25), (26) and (27) hold in this case also. 
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We then have from equation (13), SE t =ST- l (M t —N t )!t, and since the 
scalar product of two or more matrices is unchanged by an interchange of the 
factors leaving the cyclic order unaltered, 

SE t =8(M t -Nt) =SM t —SN t , (*=1, 2, . . . ., n*). 

n 

By equation (14), we have SM { = 2 (A i ) ftli SI=SA i - SI=nSA if and by equa- 

0=1 

tion (15), 8N i =nSA i =nSA i . Substituting these results in the above we 

obtain 

SE^O, (» = 1, 2, ....,n»). (28) 

Also 

SEiE^ST-^Mi-NJT- f- 1 (M j -N j )f=8(M i -N i ) (M,—tf,) 

= SM i M j -SM i N j -SN i M i +SN i N j , (i, j = l, 2,....,n 2 ). (29) 

From equation (17) we obtain SM t M,= 2 {A t A i )„SI=SA { A j SI=nSA t A t ; 
from equation (20), SN i N i =nSA i A j =n8A i A } ; from equation (22), SM.A 7 , 
=8NjM t = 2 (A i ) li/l 8Aj=8A i SA 1 =SA i 8A j , and substituting these values in 
equation (29) we find 

SEiE^inSAiAi-SAiSAf), (i, j=l, 2, ...., n 2 ). (30) 

For any positive integer h we have 

0=0 W 

(»=1, 2, ....,« 2 ). 

Since for any odd integer, h=2p + l, the number of terms in the expansion is 
even and the even terms have a negative sign, and the binomial coefficients 



(j) ^ (h 



1 are equal, we may write 



SE? +1 =T(~iy( 2p + 1 )8M?-* +1 Nt 
0=0 \ f 1 I 

= 2 (— l)»( 2p+1 )(SMl>>- ll+1 N>!— SM$N?-» +1 ), 

0=0 \ {* / 

(•=1, 2, ...., % 2 ). (31) 
From equations (19), (21) and (22), respectively, we obtain 

SM?= 2 (Af)„8I=SAlSI=nSAl, 

ft— I 

SN1=nSA1=nSAh SMfNl= 2 (Al),J3A' t =SAlSA' t =SMW1, 

0=1 
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and substituting in equation (31) 

8E? +1 = 0, (»=1, 2, . . . . , n 2 ) . (32) 

For any even integer, h — 2p, we have 

8Ef = 2 (-1)»( 2 P)SA?->SAS, (t = l, 2, . . . ., n*), (33) 

where &4? is assigned the value w. For any positive integers p and q 

SE?E]=S(T- 1 (M i -N i )Ty(T- 1 (M i -N j )Ty=S(M i -N i y(M j -N j y 

= 1 2(-l)' + '(j)f?)s«?-'W^ (i,i = l,2,....,« 2 ). (34) 

pt=0 !>=0 \fV V7 

From (23) we obtain 8Mi~ lk NtM^-'N' l =8A\-' l A^- r 8l l tl' l =8A^-' l Ar'8AitA' i , 
and substituting in (34), 

S£^7= 2 I (-i)" + '(^)(«)^rM/-'^My, (», i=i, 2, . . . ., » 2 ), (35) 

#=0 »>=o \fv Y*7 

where _4°=J.°=Z. Again, for positive integers p, q and r 
SEVEIEi^SiMt-Ni) '(M,-N t ) " (M k -N k ) r 

= 2 2 X(—iy + ' + '( p )( q )( r )sMr il N!tMf-'N!;Ml-'Nl, 

0=0 x=0 <r=0 \fV W W 

(i,j,k = l, 2, ....,n*). (36) 

From equation (24) SMr*NtMf~'N!!Mr<Nl = SAl-' l A<-'Ar'SliA]2l, and 
substituting in (36) we have 

SE?E]El= 2 2 2 (-lJ^+'+'QQM^y-^-^p^jf^MJ, 

(«, i, * = 1, 2, ....,« 2 ), (37) 
where ^"=^"=.4^ = 7. In particular 

SEtEfi^niSA^At—Sltl,!*) =nS(A i , AAA,, 

(i,j,k = l,2,....,n*). (38) 

The equations (32) and (33) enable us to establish certain relations 
between the roots of the characteristic equation, 

\a-E t \ =6>" 2 -'P 1 6) re2 - I + qW 2 - 2 - .... ±%*-. 1 a + %*=0, (¥„=<)),• 
of Ef and the roots of the characteristic equation, 

\p-A t \ =p"-P 1 p»- 1 +P 2 p n - 2 -. • • • +P„_ 1 p±P„=0, 

of A { . Let a n , &> 12 , . . . . , a nn denote the roots of the equation | a— E { | =0, and 
5^ the sum of the q-th powers of the roots ; let p x , p 2 , . . . . , p„ denote the roots 

* Killing has shown that the characteristic equation of the general infinitesimal transformation of 
the adjoint has at least one zero root (Math. Ann., Vol. XXXI, p. 260). 
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of |p — A { \ = 0, and s g the sum of their q-th powers. By equation (32) 5f p+1 
=SE? +1 =0, (p = 0, 1,2, ....), wherefore % p+1 =0, (p=0, 1,2, ....), and 
the non-zero roots of \a— E t \=0 occur in pairs of equal value but opposite 
sign;* from equation (33) 

SZ,= X (-lK^fW-A, (p = 0, 1,2, ....), 

from which relation it then follows that the non-zero roots of |w — E t \ =0 not 
exceeding n 2 — n in number, shall be related to the roots of |p — A { \ =0 by the 
equation 6)^= Pi — p,., (i=t=j; i, j=l,2, , n).f 

For any linear function of the E's with constant coefficients, 2 a^ , we 
have 

E= X cttE^T-^M-N)!, (39) 



where M— X a^M^ and N= X a^ . If A— X a^ we see from equation (14) 

i=l i=l i=l 

that (M)„, v = (A)^!, (n, v=l, 2, , n), and by the aid of equation (16) we 

can show that for any positive integer p, (M p ) /lp = (A^^I, (ft, v — 1, 2, , n). 

It is evident from equation (15) that (N) m =A and (N p ) /ill =A p for any posi- 
tive integer p {[t = l,2, ,...,n) and that all other constituent matrices of 
these matrices are zero. Also corresponding to equation (22) we have 
(#*#«)„= (A') II9 1'= (N'M')^, (ft, v = l, 2, ....,») for any positive integers 
p and q. Hence 



(40) 



■8M'= X (A p ) m 8I=nSA p , 8N P = X (W)„=nSA*, 
SM V N«= X, (A P )^SA' 1 =8A P SA«=SM<'W. 

H=l 

* Substituting these values of S^fp+i in Newton's formula, 

&*r-*iSi-i + *zGi-2— . ■■ . + (— l) fc - 1 *»-i5f+(— l)fcfc*s = 0, 

and considering only h=l, 3, 5 , we obtain St^p+i = for p = 0, 1, 2, 

fLet G^ii be the sum of the h-th powers of the n(n — 1) non-zero roots p 4 — p jt (i, j=l, 2, ,n; izfzj). 

Each root is paired with its negative and hence S^-n = 0, (p = l, 2, . .. .). Let 

0(p)= 2 (p — Pi )2p— 2 2 (— 1)H -f )p2P-/ip i l>.= 2 (— 1)A ,f yp-tofi, (p = l, 2, ....)• 

Then £f p = 2 0(p,) = 2 2 (— 1)* ( 2 ,f )p^P-^= 2 (— W 2 f W^, (p = l, 2, ... .). 
j=l ;=1 0=0 \ *" / 0=0 > ^ / 
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From equation (39) we obtain 

8E" +1 =8(f- 1 (M— N)T) 2p+1 =S(M— N) 2p+1 
= P i\ — l)> i ( 2p + 1 )sM 2 P-' i+1 N' i 

= 2 (— 1)"( 2p + 1 )(^M 2 p-" + W— SMW-^ 1 ) , (p=0, 1,2, ....), 

j«=0 \ /* / 

and 8E 2 p=8{M—N) 2 p= 2 (—l)"( 2p )sM i *-' t N' t , (p=l, 2, ....), and substi- 
tuting from equations (40) we have 

8E 2 P+ i =0> 8E 2 P= | (—iy( 2 P)sA , *-' t SA' t , (p = l, 2, ....). (41) 

The characteristic equation of E, where E= 2 a^- for an arbitrary choice 
of the a's, is termed by Killing the "characteristic equation" of the group G. 

r 

The characteristic equation of 2 a { E t , for an arbitrary choice of the a's, is 

i=l 

termed by Cartan the "characteristic equation" of G relative to the subgroup G r . 

r 

It follows from equations (41) that, for 1 < r <n 2 , the roots of \a — 2 ctiE { \ =0 

r 

are the n 2 differences of the roots of the equation |p — 2a { Ai\ =0, and hence 

we have the following theorem : 

The roots of the characteristic equation of the general linear homogeneous 
group relative to any given subgroup can be obtained by taking all possible 
differences of the roots of the characteristic equation of the general infinitesi- 
mal transformation of this subgroup of the general linear homogeneous group. 
The non-zero roots do not exceed n 2 — n in number and occur in pairs of equal 
absolute value but opposite sign. 

Section 2. 

The special linear homogeneous group in n variables, denoted in what 
follows by G', is constituted by the aggregate of transformations with deter- 
minant + 1 of the general linear homogeneous group, G, in n variables. I shalj 
now assume that G r is also a subgroup of the special linear homogeneous 
group, G'. For 1 <i<r let p a , p 2 , . . . ., p„ be the roots of the characteristic 
equation, |p — A t \=0, of A t . The finite transformations of G' are given by 
e Ui for all possible values of t. The roots of the characteristic equation of 
e Ui are e tp \ e tp % . . . ., e tpn ; and since e ( <Pi+p 2 +....+Pn) = \e tAt \ =1 for all values of t, 
pi+P2+- • • • +p„=0. Therefore, SA t =0, (i = 1, 2, ...., r). Therefore, 

i=i i=i 
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We may take as the symbols of the infinitesimal transformations of G', 
any n 2 — 1 linearly independent linear homogeneous functions of the differential 
operators e (j , (i, j = l, 2, ...., n; i=f=j), and e u — s nn , (t = l, 2, ...., n— 1), or 
of the aggregate of respectively corresponding matrices. Thus we may take 
as the symbols of the infinitesimal transformations of G', A 1 , A 2 , . . . . , A r 
together with any n 2 — r— 1 other matrices linear in those above mentioned, 
the n 2 — 1 A's defined by equation (1), being linearly independent and subject 

n 

to the condition 2 a m =8A i =0, (t = l, 2, , n 2 — 1). For the symbols of 

the infinitesimal transformations of G we may take the n 2 — 1 linearly inde- 
pendent linear homogeneous functions of e^, (i, j = l, 2, . . . ., n; i=f=j), and 
*« — s m , (i = l, 2, . . . ., n — 1), which constitute the symbols of the infinitesimal 

n 

transformations of G' together with the operator 2 e w , or the aggregate of 

0=1 

matrices corresponding to these ; and therefore, we may choose as the aggre- 
gate of matrices representing the infinitesimal transformations of G the 

n 

matrices A 1} A 2 , , A n ,_ x and A nS = 2 e m =I. 

Since G' is an invariant subgroup of G, we have 

{A t , A,) =i c ijk A k , (i, j = l,2, ...., n 2 -l) ; 

moreover, (A if A „ 2 ) =0, (i=l, 2, , n 2 ), and therefore, 

Ctf*=0, (», j or k=n 2 ). (42) 

Let T' denote the adjoint group of the special linear homogeneous group 
and let the symbols of the infinitesimal transformations be the differential 
operators X x , X 2 , . . . . , K^_ x where 

X,= 2 c tik atjr—, (i = l, 2, , n 2 — 1), 

;=1 Ottj. 

or the respectively corresponding matrices H 1} H 2 , ... ., J7„ 2 _i where - 

(#<)„0=<V> (f«, », *=1, 2, , m 2 — 1). (43) 

With the infinitesimal transformations of G chosen as above, we see from (4), 
(42) and (43) that the aggregate of matrices representing the infinitesimal 
transformations of T have the following form : 

E t = ( H t ), E n ,= (00), (t = l, 2, . . . ., n 2 -l). (44) 
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Then since T and V have the same structure as G and G', respectively, 
(H t , H,) = 2 c ijk H k , (E iy E t ) = 2 c m E k , (i, ] = 1, 2, . . . ., n*-l), 

k=l k=l 

(E it EJ=0, (» = 1, 2, ....,»«). 
By the aid of equation (44) we obtain the relations: 

SE t =SHt, SEtE^SHtH,, (i, j=l, 2, . . . ., n*-l), (45) 

and for any natural number p 

SE1=SW, (« = 1,2, ....,n»-l). (46) 

It now follows from equations (28) and (45) that 

SH { =0, (i=l,2, ....,n«-l); 
and since 8A i =0, (i = l, 2, . . . ., « 2 — 1), we obtain from equations (30) and 

(45) 

SHtH^nSAtA,, (i, j=l, 2, . . . ., n 2 — 1). (47) 

Further, we obtain for p=0, 1, 2, ... . from equations (32), (33) and (46), 
SH? +1 =0, SH?= 2 (—lyP^SAp-'SAf, (»=1, 2, . . . ., » 2 — 1). (48) 

i»=0 \ P / 

We can thereby show that the non-zero roots of the characteristic equation of 
JEfi, | o — Hi | =0, occur in pairs of equal value but opposite sign which can 
be obtained by taking all possible differences of the roots of the equation 
| p— 4,1=0 for l<i<n 2 — 1. 

From equation (44) it follows that for any linear function of the H's with 

constant coefficients, H— 2 a^fi,, 



»a— 1 ifl— 1 n-—\ 

2 «,#«= ( #, ) . Hence ( Za«#<) p = ( #"> ° ) and S( 2 a t E t )*=8H> 

0, I 



0, 



for any positive integer p. From this result and equations (41) we see that 
SH*> +1 =0, SH 2p = 2 (—iy( 2p )sA a r-*SA*, (p = l, 2, ), where A='Sa t A t . 

«2-l 

Therefore, the roots of \a — I, a i H i \=Q are related to the roots of 
|p— 2 a(4<| = in the way described above. For an arbitrary choice of the 

i=l 

r 

a's | a— 2 ctiHi | = is the characteristic equation of the special linear homo- 

i=l 

geneous group relative to the subgroup G r — when r=n 2 — 1, it is the charac- 

r 

teristic equation of the special linear homogeneous group — and 2 a^ is the 
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general infinitesimal transformation of the group. We have then the following 
theorem : 

The non-zero roots, not exceeding n(n — 1) in number, of the characteristic 
equation of the special linear homogeneous group in n variables relative to 
any given subgroup occur in pairs, equal in absolute value but opposite in 
sign, and can be obtained by taking all possible differences of the roots of the 
characteristic equation of the general infinitesimal transformation of this given 
subgroup. 

Section 3. 

The above investigation of the relations between the scalar function of the 
products of powers of the infinitesimal transformations of the general linear 
homogeneous group G m.n variables (or the special linear homogeneous group 
G' in n variables) and the adjoint of G (or G') may be applied to establish 
certain relations between the characteristic equation of the general infinitesi- 
mal transformation of the subgroup G r with r parameters of G (or G') and 
the characteristic equation of the general infinitesimal transformation of the 
adjoint of G r , termed by Lie and Killing the "characteristic equation" of this 
group, Killing has taken the characteristic equation of a group as the basis of 
his investigations upon the structure of finite continuous groups. 

As in § 1, let A x , A 2 , . . . ., A r be the infinitesimal transformations of any 
given subgroup G r , of the general linear homogeneous group, and A X ,A 2 , . . . ., 
A r , A r+1 , . . . ., A n % the infinitesimal transformations of G; and if G r is a sub- 
group of G', let A x , A z , . . . . , A r , A r+1 , . . . ., A n *_ x be the infinitesimal trans- 
formations of G'. Then, see equation (3), 

<V +ft =0, (i, } = 1, 2, , r; h=l, 2, , n 2 — r— 1 or n 2 — r*). 

Therefore, by (4) and (5), 

E t =( E\, K< ), (i=l,2,:...,r), 

I o, f, I 

where {K i ) rit =c itr+Vill , (p = l,2, ,n; v = l,2, , n 2 —r— 1 or n 2 —r*), 

(Fi),* = c t ,r+,.r+*> (ft, v = 1,2, , n 2 — r— 1 or n 2 — r*), 

and denotes a matrix with n 2 — r — 1 or n 2 — r* rows and r columns whose con- 
stituents are all zero. 

The transformations E 1} E 2 , . . . ., E r constitute the infinitesimal trans- 
formations of the adjoint of G' (or of G), relative to the subgroup G r , and 

♦According as Q r is or is not a subgroup of (?'. 
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E[, E' 2 , . . . ., E' r the infinitesimal transformations of the adjoint of G r . The 
general infinitesimal transformation of the adjoint of G' (or of G) relative to 

r 

G r is 2 ciiEi and the general infinitesimal transformation of the adjoint of G r 



1=1 



is 2 a t E' t . We have 2 «,#< = ( 2 «,#! , 2 o^ 



i=i 



i=l l'=l 

, 2 a^Ft 



and therefore, 



| co- 2 o«E« | = | o- 2 a^;. | • | o- 2 a^ | . (49) 

i— 1 i=l i—1 

The equation 

ico— 2 OiEtl = a/— *P a ( a) co^ + iPJ a) co*" 2 — ±'P itt _ 1 (a)a + <P /t (a) =0, 

i=l 

in which ^(a) =0 * is termed by Car tan the characteristic equation of G' (or 
of 6rf ) relative to the subgroup G r of (?' (or of G), and the left-hand member 
of this equation the "characteristic determinant" of G' (or G) relative to G r .-\ 
The equation of the general infinitesimal transformation of the adjoint of G r , 

|u— 2 OtE' t \ =a r — nf 1 (a)ar- 1 +%(a)a r - a — . . . . +%_ 1 (a)o±%(a) =0, 

in which *P,.(a) =0,$ is termed by Lie and Killing the "characteristic equation" 
of the group G T , and the left-hand member of this equation Cartan terms the 
"characteristic determinant" of the group G r . The characteristics of the 

r 

equation |co — 2 a { E'i\ =0 determine in part the structure of G r . 

»=i 

Killing has shown that the coefficients of the characteristic equation 

r 

| w — 2 OiE'i] =0 of the group are invariants of the adjoint, and has founded a 

classification of groups upon the properties of these coefficients. He defines 
the "rank" {Rang) of the group as the number of the coefficients of the 
characteristic equation of the group that are independent {Math. Ann., Vol. 
XXXI, p. 254). As remarked by Cartan the rank of a group is the number of 
roots of the characteristic equation of the group that are independent {Theses: 
"Sur la Structure des Groupes de Transformations finis et continus," p. 28). 
The rank is zero if and only if the coefficients of the characteristic equation 
are all zero identically. 

* See note p. 438. 

f According as G r is or is not a. subgroup of G'. 

% See note p. 438. 
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An important classification of finite continuous groups due to Lie consists 
in the division into integrable and non-integrable groups. An integrable 
group is a group some one of whose derived groups contains only the identical 
transformation ("Continuierliche Gruppen," p. 58). Finite continuous groups 
are also classified as " simple " and " non-simple " groups. A " simple " group 
is a group that contains no invariant subgroup. A group is " semi-simple " if 
no invariant subgroup is integrable (Cartan, Theses, p. 51). 

We have the following theorems due to Lie, Engel, Killing and Cartan : 

(i). Groups of rank zero are integrable and the derived groups of an 
integrable group are of rank zero (Umlauf, These, Leipzig). 

(ii). If the first derived of a group is integrable, then the group itself is 
integrable (Lie, "Continuierliche Gruppen," p. 547). 

(iii). The necessary and sufficient condition that a group of order r be 
integrable is that the transformations of its first derived annul identically the 
coefficient W 2 (a) in its characteristic equation (Cartan, Theses, p. 47). 

(iv). If an infinitesimal transformation annuls ^ r _ 1 (a) without annulling 

r 

all the first minors of 2 o^Ei, it annuls all the invariants of the adjoint which 

are homogeneous and of degree non-zero (Cartan, Theses, p. 31). 

(v). The characteristic equation of a simple or semi-simple group with 
r parameters and of rank k has r — k non-zero unequal roots which occur in 
pairs of equal value but opposite sign, and the transformations belonging to 
such a pair of roots are not commutable (Killing, Math. Ann., Vol. XXXIV, 
p. 102). 

r 

Let p lf p 2 , . . . . , p n be the roots of the characteristic equation | p — 2 a 4 Ai \ =0 
of the general infinitesimal transformation of G r . It was shown in § 1 and § 2 

r 

that the roots of the characteristic equation \a — 2a i E i \=0 of G' (or G) 

i=l 

relative to G r are given by p t — p, for i, j—1, 2, . . . ., n. Whence it follows by 

r 

(49) that the roots of the characteristic equation \a — Xa i E , i \=0 of G r are 
numbers contained in the aggregate of differences of the roots of the charac- 

r 

teristic equation |p — ^a i A i \=0 of the general infinitesimal transformation 

i=l 

of G r . 

I shall denote by I in what follows the maximum number of distinct roots 

r 

of the equation |p — 2 a { AA =0 for any infinitesimal transformation of G r . 
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r 

Let p x , p 2 , • • • •> Pi De * ne distinct roots of the equation |p — 2a i .4 < | =0 
relative to the general infinitesimal transformation of G r . The distinct non- 

r 

zero roots of |o — 2 a^l =0 corresponding to the general infinitesimal trans- 
formation of G' (or G) relative to the subgroup G r and, therefore, the distinct 

r 

non-zero roots of \a — 2a i .Z^|=0 relative to the general infinitesimal trans- 
it 

formation of G r are contained in the aggregate of I 2 — I functions p f — p ; - of the 
a's for i, j = l, 2, . . . .,1 and j^i. But these I 2 — I functions of the a's are 
themselves functions of the I — 1 differences p t — p t , (i=l, 2, ...., I — 1). 

r 

Therefore, the non-zero roots of \a — 2a<^|=0 relative to the general 

»=i 

infinitesimal transformation of G r are functions of at most I — 1 functions of 

r 

the a's, and thus at most I — 1 of the roots of the equation |o — 2 ctiE t \ =0 are 

i=l 

independent functions of the a's. We have, therefore, the following theorems : 

I. If the maximum number of distinct roots of the characteristic equation 
of the general infinitesimal transformation of G r is I, the rank of G r can not 
exceed I — 1. 

II. If the roots of the characteristic equation of the general infinitesimal 
transformation of G r are all equal the rank of G r is zero; therefore, G r is 
integrable. 

III. If the roots of the characteristic equation of the general infinitesimal 
transformation of the first or any subsequent derived group of G r are all equal, 
the rank of the derived group is zero; therefore, G r is integrable. 

The roots of the characteristic equation of any infinitesimal transforma- 
tion of the following group 

. _ a , _ a . _ a ,_3,a,a 
^ 1-% av ^-^av A *- Xs dx~t' Ai ~ x 'dx~ +X2 ^ +Xz 'dx~ i 

are all equal ; this group illustrates theorems II and III, for the characteristic 
equation of the general infinitesimal transformation is 



4 



|p-2a^| = (p-a 4 ) 3 =0. 

i—l 

The first derived of this group is A x =x z -^ — . The group contains two excep- 

ox x 

tional infinitesimal transformations, viz., 

A - a A - B 1- 9 J_ d 

Al ~ Xs W 1 ' Ai ~ Xl 'dxr i +X2 ^x^ Xz 'dx~ s - 
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From what was stated above it is clear that if I' <l is the number of inde- 

r 

pendent roots of the equation |p — 2 a,-4, j =0, or the number of coefficients of 
this equation which are independent functions of the a's, the number of inde- 

r 

pendent roots of the equation jo — 2a,i?j|=0 can not exceed I'. Whence it 
follows that : 

IV. If I' is the number of independent coefficients of the characteristic 
equation r 

|p- 2 0,4,1 =p"-P 1 p"- 1 + .... + P n _ lP ±P n =0, 

of the general infinitesimal transformation G T , the rank of G T can not exceed V. 

T 

The maximum number of distinct roots of the equation jp — 2 a. t Ai\ =0 for any 
group G T in n variables is n. Therefore, from I follows the theorem : 

V. The rank of no subgroup of the general linear homogeneous group in 
n variables can exceed n — 1. 

By the preceding theorem the rank of the special linear homogeneous 
group, G', can not exceed n — 1. Suppose the rank of G' to be k<n — 1. G' is 
a simple group (Transformationsgruppen, Vol. I, p. 560) ; and hence by 
theorem (v) the number of non-zero roots of the characteristic equation of G' 
is n 2 — A- — 1. If k<n — 1 then n 2 — k — 1>« 2 — n or the number of non-zero 
roots exceeds n 2 — n. But in § 2 it was shown that the number of non-zero 
roots does not exceed « 2 — n, hence k<£n — 1, and we must have k = n — 1. 

Killing has shown that the number of independent invariants of the trans- 
formations of the adjoint of any group can not be less than the rank of the 
group (Math. Ann., Vol. XXXI, p. 266). Thus the number of independent 
invariants of the adjoint of G' can not be less than n — 1. Moreover, the 
number of invariants of the adjoint of any group G, is the same as the nullity 

r 

of the matrix 2 a,^ which can not exceed the number of zero roots of the 
t=i 

r 

characteristic equation |o— 2 a,JE<| =0. Since the rank of G' is n— 1 it fol- 

«=i 

lows that the characteristic equation of G' has exactly n — 1 roots zero and 
therefore the number of invariants can not exceed n — 1 and must, therefore, 
be exactly n — 1. Hence: 

VI. The rank of the special linear homogeneous group in n variables is 
n — 1, and is the same as the number of independent invariants of the transfor- 
mations of its adjoint group. 

57 



448 Bullahd: On the Structure of Finite Continuous Groups. 

From equations (44) it follows that the characteristic equation, 

»J2 M 2 — 1 

ju — 2 cti-Eil —a\u— 2 a,-J?,-| =0, 
of the general linear homogeneous group, G, has the same number of inde- 

n'—l 

pendent coefficients as the characteristic equation \a — 2 0^27*1 =0 of G'. Thus 
the rank of G is equal to the rank of G' and is n — 1. Also since the nullity 

n'—l 

of 2 a. t H { , a matrix of order n 2 — 1, is n — 1 it is evident that the nullity of 

i=l 

n' n*-l 

2 aiE^ ( 2 a^i, ) , a matrix of order n 2 , is exactly n. We have then: 
I 0, I 

VII. The rank of the general linear homogeneous group in n variables is 
n — 1 and the number of independent invariants of the transformations of its 
adjoint group is n. 



Let the I distinct roots of \p — 2 a^4 £ | =0 be respectively of multiplicity 

r 

[ti, fx 2 , ■ ■ ■ •>!";• The equation j« — 2<z,-£J 1 -j =0 has then at least f^ + u; + .... -\-(i] 



*iE { \ = has then at least f^ + u; + .... +^- 2 
t=i 

zero roots. If this equation has as many as n 2 — r + 2 zero roots it follows 

from (49) that * r _ 1 (o)=0. Therefore, %- 1 (a)=0 if (il+[4 + +^f>» 2 

— r + 2. But Cartan has shown that, when the coefficient *P r _ a (a) of the 
characteristic equation of G r vanishes identically, every 1 ransf ormation of G r 
is commutative with at least one other transformation of G r (Theses, p. 32) _ 
Whence we have the following theorem: 

VIII. Let G r be a subgroup with r parameters of the general linear 
homogeneous group in n variables; and let the I distinct roots of the charac- 
teristic equation of the general infinitesimal transformation of G r be of multi 
plicity fi 1 , ft 2 , . . . . , (i t . If jtzf +/4+ . . . . +^u 2 > >r — r + 2, then every infinitesimal 
transformation of G r is commutative with at least one other infinitesimal trans- 
formation of this group. 

The group 

,__a_ . _ d d _ d_ , a 

Al ~ Xl Zx x ' Ao - ~ Xl dx t ' 3 ~ Xl dx 3 ' A *- Xl dxs Ai ~ Xi dx 2 ' 

J - d A - d J - 9 . 3 . 9 

^s — ^8 3IT> ^r-^aT' A a — X 2SZ" ~l~ x 3 ~5ZT ~r x * 



dx t > ^ 7 — 4 dx, ' ^-" 2 dx 2 ^ ~ 3 dx 3 ^ ~* dx, ' 

illustrates the above theorem. The characteristic equation of the general 
infinitesimal transformation is (p — aj)(p — a 4 ) 3 =0. Thus (il-\-(j.l = 10 = n i — r + 2. 
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This group contains no exceptional transformation but (A x , A 8 ) = (A 2 , A 7 ) 
= (A s , Ai) = (A 5 , A 6 ) =0. The group given on page 446 also illustrates this 
theorem. In this case we have ^f=9>7=n 2 — r + 2, and the group contains 
two exceptional transformations. 

By theorem (v) the characteristic equation of a simple or semi-simple 
group with r parameters and of rank k has r — k distinct non-zero roots. I have 
shown that the number of distinct non-zero roots of the characteristic equation 
of G r can not exceed I 2 — I, and that the rank of G r can not exceed I — 1 or 
exceed V. Suppose G is a simple group of rank k, then from Killing's theorem 
and what has just been stated k<l — 1, k<V and r — k<l 2 — I. Therefore, 
r<l 2 — 1 and r<l 2 — l+l'. We have then the following theorem : 

IX. Let G r be a subgroup with r parameters of the general linear homo- 
geneous group; let I be the maximum number of distinct roots of the charac- 
teristic equation of the general infinitesimal transformation of G r and let I' be 
the number of these roots which are independent. If either I 2 — 1 or I 2 — l-\-V 
is less than r then the group can be neither simple nor semi-simple. 

The example given on page 448 illustrates this theorem for I 2 — 1=3 <8 = r 
and the group contains the invariant subgroup A 2 , A s , A if A s , and by III is 
integrable. 

r r 

Since *P,.(a) = | 2 a^ | is identically zero, the nullity of the matrix 2 a^- 

r 

is at least 1. For a given infinitesimal transformation 2 a { Ai of G r , let the 

r r 

nullity of 2 a^ be unity, and let the equation \a — 2 a<i£< | =0 have two roots 

r 

zero. Then, for the given infinitesimal transformation 2<x i .4 f of G r , *P r _i(a) is 

r 

annulled, but not all the first minors of 2 a+E'i , and hence by theorem (iv) all 

the invariants of the adjoint, homogeneous and of degree non-zero, are annulled 
by the given infinitesimal transformation. Let (i 1} fi 2 , . . . . , (i t be the multi- 

r 

plicities of the distinct roots of the characteristic equation of 2 a^. From 
(49) it follows that ^(a) =0 if |o— 2 a f E<| =0 has at least n 2 — r+2 zero 

i=l 
I 

roots, which will be the case if 2 fi 2 >n 2 — r+2 (cf. p. 448) ; and the nullity of 

i=i 

r r 

2 OiE't will not exceed unity if the nullity of 2 a { Ei does not exceed n 2 —r+l. 
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r 

From (13) it follows that the nullity of 2^ is equal to the nullity of 

r 

2 OfiMi—Ni). We have then the following theorem: 

X. Let G r be a subgroup with r parameters of the general linear homo- 
geneous group in n variables. Let the l<n distinct roots of the characteristic 

r 

equation of any given infinitesimal transformation 2 a { Ai of G r be respectively 

t=i 

l r 

of multiplicity jn lf [i 2 , . . . .;,/u { . IfX [4>n 2 — r + 2 and the nullity of 2 a^M; — N { ) 

i=l i=l 

(see p. 437) does not exceed n 2 — r-\-l, the invariants of the adjoint, homo- 
geneous and of degree non-zero, are then all annulled for this infinitesimal 
transformation. 



